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Scope

ÅThere are many location methods

ÁSource location vs. Self-location (Navigation)

ÁActive vs. Passive

ÁNetwork based (GPS) vs. Single platform (DOA or AOA)

ÅWe will concentrate on source location with a single 

platform equipped with a sensor array, passive

ÅEmphasis on DOA estimation

ÅNarrowband signals only
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Objective of DOA Estimation

ÅTo find DOA (relative to the array orientation) of all 

incident RF rays

ÅCould have multipath propagation and interference

DOA Est /

Tracking
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Narrowband Signal Sources

ÅA complex sinusoid

( ) j j t j ts t e e eb w wa r= =

ÅA real sinusoid is a sum of two sinusoids

1 2cos( )
2 2

j j t j j t j t j tt e e e e e eb w b w w wa a
a w b r r- - -+ = + = +

ÅA delay of a sinusoid is a phase shift

0 0

0( ) ( )
j t j tj ts t t e e e s t
w wwr- -

- = =

ÅApply approximately to narrowband signals



GIRD Systems Inc. http://www.girdsystems.com

Engineering Research and Development

A Uniform Linear Array

1( ) ( )x t s t=ÅIf the received signal at sensor 1 is

ÅThen the received signal at sensor i is

0( 1) sin

1( ) ( ) ( ) ( )i i

i d
j

j j c
ix t e x t e s t e s t

q
w

w w
-

-
- D - D

= = =

ÅThen it is delayed at sensor i by 0( 1) sin
i

i d

c

q-
D =

0q
A signal source 

ñimpingesò on the array

with an angle

c: propagation speed

( ) j ts t ewr=

0q
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Beamforming

ÅDelay-and-sum type

ÅReverse the delay/phase on each sensor to ñline-upò 

the received signal phase

ÅAdding all phase-shifted sensor outputs to enhance the 

received SNR in that direction
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Beamforming

ÅBy adjusting the delay or phase shifts, we electronically steer the 

beam through all look directions to find DOA of an incident signal

ÅReceived signal at the ith sensor:
0( 1) sin

1( ) ( ) ( ) ( )i i

i d
j

j j c
ix t e x t e s t e s t

q
w

w w
-

-
- D - D

= = =

Å is the incidence angle of the received signal

ÅThe delay or phase shift of the beamformer on the ith sensor  is 
computed according to a ñlook angleòto get the output:q

0q

0

( 1) sin
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1 1

( 1) [sin sin ]

1

( ) ( ) ( )

( )

i dN N j
c

i i i

i i

i dN j
c

i

y t w x t e x t

e s t

q
w

q q
w

-

= =

- -

=

= =

=

ä ä

ä



GIRD Systems Inc. http://www.girdsystems.com

Engineering Research and Development

Beamforming

ÅIf , then the output becomes 

0

0

0

( 1) [sin sin ]

1 1

( ) ( ) ( ) ( )

i dN Nj
c

i i

y t e s t s t Ns t
q q

w

q q

q q

- -

=
= ==

= = =ä ä

ÅI.e., the output is enhanced N times

ÅSince noise is not correlated, noise is not enhanced

ÅSo SNR is enhanced N times

ÅAt other steering angles, the complex weights may 
cancel so the output is not enhanced or even degraded

ÅThis is the designed purpose of a beamformer

0q q=
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Beamforming

ÅBeam pattern: A gain pattern as a function of the 
steering angle

0( 1) [sin sin ]

0

1

( , )

i dN j
c

i

G e
q q
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q q
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=ä

0 0q= o

0 30q=
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Beamforming

ÅSensor spacing is usually wavelength/2

ÅLarger spacing creates ñgrating lobesò that confuse with 

the main lobe

ÅSmaller spacing 

reduces the total 

aperture ïlower 

spatial resolution
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Beamforming

ÅNumber of sensors (array aperture) are directly related to 

spatial resolution

4-element (aperture = 1.5 wavelength)7-element (aperture = 3 wavelength)
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Beamforming

ÅProblem 1: A wide mainlobe causes poor spatial 

resolution
Two targets 10 degrees apart Cannot distinguish them
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Beamforming

ÅProblem 2: A strong interferer can come into a sidelobe 

and completely swamp weak signal in the look direction

Beamformer output:

ÅControl sidelobes by Dolph-Chebyshev shading, w. limited effect
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Pros/Cons of Beamforming

ÅCan find only one DOA at a time 

ÅSpatial resolution determined by number of sensors in 

an array, but generally not very good unless having a 

large number of sensors

ÅWorks for other array shapes also, need to know 

sensor positions in an array

ÅSensitive to sensor position, gain, and phase errors, 

must calibrate carefully to make it work well

ÅInterference is a big problem

ÅMultipath is a much lesser problem
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MUSIC

ÅAble to find DOAs of multiple sources in ñone-shotò

ÅHigh spatial resolution compared with beamforming 

methods (I.e., a few antennas can result in very high 

spatial resolution)

ÅMUSIC stands for Multiple Signal Classifier
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Narrowband Signal Sources

ÅConsider I narrowband signal sources

1 2

1 1 2 2( ) , ( ) , , ( ) Ij t j t j t

I Is t e s t e s t ew w wr r r= = =

ÅAssume that all amplitudes are uncorrelated

2;
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i
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ÅRecall received signal on the ith sensor:
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Signal Model

ÅPut received signals at all N sensors together:

Å is called a ñsteering vectorò
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Signal Model

ÅIf there are I source signals received by the array, we get 

a ñsignal modelò:

x(t) --- received signal vector ( N by 1 )

s(t) --- source signal vector ( I by 1 )

n(t) --- noise vector ( N by 1 )

( N by I )

1( ) [ ( ), , ( )]T

It s t s t=s

ÅSources are independent, noises are uncorrelated

ÅColumn of A can also be normalized



GIRD Systems Inc. http://www.girdsystems.com

Engineering Research and Development

The MUSIC Algorithm

ÅCompute the N x N correlation matrix

sR

2 2

1{ ( ) ( )} .{ , , }H

IE t t diag s s= =sR s s

2

0{ ( ) ( )}H HE t t s= = +x sR x x AR A I

where

ÅIf the sources are somewhat correlated so      is not 

diagonal, it will still work if has full rank.

ÅIf the sources are correlated such that      is rank deficient, 

then it is a problem. A common solution is ñspatial 

smoothingò.

Q: Why is the rank of      (being I) so important?

A: It defines the dimension of the signal subspace.

sR

sR

sR
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The MUSIC Algorithm

ÅFor N > I, the matrix               is singular, i.e.,
H

sAR A

2 ; 1,2, ,i i i i Ns= =xR u u

ÅBut this implies that        is an eigenvalue of 

ÅSince the dimension of the null space of               is N-

I, there are N-I such eigenvalues       of 

ÅSince is non-negative definite, there are I other 

eigenvalues        such that 

ÅLet     be the ith eigenvector of       corresponding to 

2 2

0 0is s> >

2

0s

2

0s

2

is

2

0det[ ] det[ ] 0H s= - =s xAR A R I

xR

H

sAR A

xR

iu
xR

2

is

xR

2 2 2 2

0 0, 1, , ; , 1, ,i ii I i I Ns s s s> = = = +
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The MUSIC Algorithm

ÅThis implies

ÅPartition the N-dimensional vector space into the 

signal subspace      and the noise subspacesU nU

2 2

0[ ] ; 1,2, ,H

i i i i i Ns s= + = =x sR u AR A I u u

2 2

0( ) ; 1,2, ,H
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The MUSIC Algorithm

ÅThe steering vector          is in the signal subspace

ÅSignal subspace is orthogonal to noise subspace

sU

nU

( )iqa

(1) means I linear combinations of columns of A
equal the signal subspace spanned by columns of

(2) means the linear combinations of columns of A, 
i.e., the signal subspace, is orthogonal to 

2 2

0( ) ; 1,2, , (1)

0; 1, , (2)

H i i

i

i I

i I N

s së - =
=ì

= +í
s

u
AR A u
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The MUSIC Algorithm

ÅThe steering vector          is in the signal subspace

ÅSignal subspace is orthogonal to noise subspace

ÅThis implies that

ÅSo the MUSIC algorithm searches through all 
angles    , and plots the ñspatial spectrumò

( )H

iq =na U 0

( )iqa

q

1
( )

( )H
Pq

q
=

na U

ÅWherever                       exhibits a peak

ÅPeak detection will give spatial angles of all 
incident sources

, ( )i Pq q q=
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The MUSIC Algorithm

1. Compute the signal correlation matrix

2. Perform SVD/EVD on       and separate the smallest 
eigenvalues from larger eigenvalues

3. Eigenvectors corresponding to the smallest 
eigenvalues form a noise subspace

4. Search through all angles     in the MUSIC spatial 
spectrum

5. Peaks correspond to DOAs

1
( )

( )H
Pq

q
=

na U

xR

xR

q
nU
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The MUSIC Algorithm

MUSIC spatial spectrum compared with other methods

Blackberry 

to go to??

Blackberry 

to go to??

Blackberry 

to go to? 

S you ca?

Blackberry 

to go to??

Blackberry to go to??

Blac

kberr

y to 

go t
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Pros/Cons of The MUSIC Algorithm

ÅCan find multiple DOAs with high resolution 

ÅNumber of sensors must be more than number of 
sources

ÅWorks for other array shapes also, need to know 
sensor positions in an array

ÅVery sensitive to sensor position, gain, and phase 
errors, need careful calibration to make it work well

ÅSearching through all     could be computationally 
expensive

ÅInterference is not much a problem, just another 
source whose DOA can be found with other sources

ÅMultipath is a big problem

q
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Adaptive Beamforming

ÅRather than fixed weights/phase, adapt the weights 
according to the signal environment

ÅThe generalized sidelobe canceller (GSC) achieves this 
w. flexible constraints 

ÅDelay-and-sum beamformer output y(t):

0( ) ( ) ( ) ( ) ( ) ( )H Hy t t s tq q q= =a x a a

ÅThe GSC output y(t):

0( ) ( ) ( ) ( )H Hy t t s tq= =w x w a

w is a vector of complex weights, more general
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Adaptive Beamforming

Å Q: How do we choose the weights w?

Å A: By some constrained optimization

Å Constraints:

1) Array gain at the look direction should be preserved

When

2) Array gain at some other directions may need to be zero

This is also called null-steering

1 1( ) ( ) 1H Hq q= =w a a w

2 2( ) ( ) 0H Hq q= =w a a w

0( ) ( ) ( ) ( )H Hy t t s tq= =w x w a

1 0 we have,  ( ) ( )y t s tq q= =
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Adaptive Beamforming

ÅJointly, we write these constraints as

[ ]1

1 2

2

1( )
( ) ( )

0( )

H
H H

H

q
q q

q

è ø è ø
= = = =é ù é ù

ê úê ú

a
w a a w C w g

a

ÅMore constraints, other constraints, can be imposed

ÅThe cost function is:

2{| ( ) | } { ( ) ( )}H H HE y t E t t= = xw x x w w R w

ÅThe optimization problem is:

min    subject to   H H =
x

w

w R w C w g
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Adaptive Beamforming

ÅThe solution to this optimization problem is:

ÅSince we minimize the output energy, a strong interferer 
will result in a deep notch in its direction

ab ab

1 1 1( )H- - -= x xw R C C R C g
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Adaptive Beamforming

ÅAnother interpretation: Decompose w into

G I= -w w Bw

 is the orthogonal compliment of : H =B C C B 0

B

Gw

Iw

Iw

( )tx
( )y t

ÅUpper branch: Main channel; Lower branch: Auxiliary channel
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Adaptive Beamforming

ÅI.e.,         allows gain (null) in the 
desired directions ïmain channel

ÅSince , the matrix B is a 
ñblocking matrixò that blocks the 
signal (null) in the desired directions 
ïauxiliary channel

Å is designed to produce a replica 
of interference leaking into the main 
channel to subtract it out

1( )   so that  H H

G G

-= =w C C C g C w g

Gw

H =C B 0

Iw

1( )H H

I G

-= x xw B R B B R w



GIRD Systems Inc. http://www.girdsystems.com

Engineering Research and Development

Adaptive Beamforming

ÅAdvantages of adaptive beamforming

ïAble to reduce effect of interferences from unknown angles

ïCan steer look direction and multiple null directions

ïGet a signal copy easily

ÅShortcomings of adaptive beamforming

ïSpatial resolution is still low

ïNeed enough weights (antenna channels) to obtain enough 
degrees of freedom: At least # of constraints + 1

ïSidelobe levels may not be controlled perfectly
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Multipath Propagation Issue

ÅUrban areas have a lot of multipaths

ÅBeamforming DOA algorithms are not affected by 

this much 

ÅMUSIC fails in multipath!

ÅThis is because if there is multipath, two or more 

DOAs will be from the same source ïi.e., some 

sources in MUSIC signal model are correlated

ÅNow with I DOAs there are less than I sources
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Multipath Propagation Issue

ÅCorrelated sources disable MUSIC!

ÅE.g.:

ÅThis is called rank deficiency

ïThe rank of will be less than I

ïThe signal subspace has dimension less than I

ïThere are less than I peaks in the MUSIC spectrum

ïWhich of the I DOAs will give less than I peaks? 

ÅIn fact all peaks will be wrong.

1 1( ) [ ( ), ( )]Tt s t as t=s
2 2

1 1

2 2 2

1 1

{ ( ) ( )}H a
E t t

a a

s s

s s

è ø
= =é ù

ê ú
sR s s Rank 1

H

sAR A
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Multipath Propagation Issue

ÅRemedy: Spatial Smoothing, still find I DOAs

ïL overlapping subarrays

ïM sensors in each subarray, M > I

ïN total sensors

ïN = M + Lī 1

. . . . . . . . .
1     2 L M M+1 N

ÅLet           be the received signal vector of the ith subarray( )i tx
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Multipath Propagation Issue

ÅOne signal case:

sin
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2 sin
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ÅIn general
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Multipath Propagation Issue

ÅWith I DOAs:

[ ]
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1 1
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Multipath Propagation Issue

ÅCompute correlation matrix of each subarray

2

0{ ( ) ( )}H H H

i i i M i i ME t t s= = +x sR x x A D R D A I

ÅNow average the correlation matrices of all subarrays

2

0

1 1

1 1
{ ( ) ( )}

L L
H H H

L i i M i i M

i i

E t t
L L

s
= =

è ø
= = +é ù

ê ú
ä äx sR x x A D R D A I

ÅNote the dimension of is M by I

ÅThe dimension of the matrix in the brackets is I by I

MA
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Multipath Propagation Issue

ÅThe matrix in the brackets has full rank I if L is large 

enough, i.e., 

ÅProvided M > I , there is a noise subspace in 

ÅNow can apply MUSIC to 

ÅWill detect I DOAs with this spatial smoothing

ÅPrice paid is that more sensors are required: M > I,

M + L = N L more sensors to ñde-correlateò

LxR

2

0

1 1

1 1
{ ( ) ( )}

L L
H H H

L i i M i i M

i i

E t t
L L

s
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è ø
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ê ú
ä äx sR x x A D R D A I

LxR

L I²

L I²
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Source Association Under Multipath

ÅSeveral paths belong to one source, multiple sources

ÅCan detect all DOAs of multiple paths and multiple 

sources

ÅBut how many sources are there?

ÅNeed to know which DOAs can be associated to which 

sources ïsource association

ÅThen locate the sources in several ways 



GIRD Systems Inc. http://www.girdsystems.com

Engineering Research and Development

Source Association Under Multipath

ÅOnce sources are associated with DOAs 

ïLocate the sources by using multipath if we know the 

reflection geometry ïback tracing

ÅMultipath works 

to our advantage 

in this case
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Source Association Under Multipath

Å Alg. works for any DOA method, easier with MUSIC

1. Compute the received signal correlation matrix based 

on all sensors, as in MUSIC but un-smoothed

2. Compute the noise subspace matrix      whose rank is 

the number of sources J, not the number of paths I

3. Based on the estimated DOAs, compute the overall 

steering matrix A

4. Find minimum eigenvalues of and their 

corresponding eigenvectors     , the number of these 

eigenvalues is the number of sources J

5. Construct I by J matrix

nU

H H

n nA U U A

iq

1[ ]J=Q q q
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Source Association Under Multipath

6. Find J groups of rows of

that are independent among the groups but dependent 

within each group, these correspond to groups of paths 

associated with each source

Å Dependency test can be done by, e.g., dividing the 

corresponding elements in two rows and compute the 

variance of the ratios

1[ ]J=Q q q
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Source Association Under Multipath

Å E.g.: 15 antennas in a ULA, two sources, 5 paths

ï DOA from Source 1:

ï DOA from Source 2:

ï We only know 5 DOAs rank ordered as:

o o30  and 60- -
o o o5 , 25 , and 55-

o o o o o60 ,  30 , 5 , 25 , 55- - -

Å Put them into A in this order

Å Computed eigenvalues of which are

{20.0559, 17.9585, 14.8226, 0.0430, 0.0088}

Å Obviously I = 5 but J = 2
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Å Dependency test on 

the rows of Q

1 & 2 belong to one

3, 4, 5 belong to the 

other

1 2

0.4152 + j0.4824 0.2656 + j0.1121

0.4062 + j0.4989 0.2913 + j0.1122

[ ]  -0.2290 + j0.0746 0.3954 - j0.3430

-0.2429 + j0.0498 0.3883 - j0.3502

-0.2210 + j0.1123 0.2770 - j0.4418
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ÅWhen reflection geometry is unknown

ïIdentify the LOS paths from the reflected paths if either the 

source or the receiver is moving

ÅOnce LOS paths are identified, the sources can be more 

easily located by

ïRay back tracing

ïSeveral different angles of LOS DOA to triangulate
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ÅStationary receiver: All paths have fixed DOAs; 

ÅMoving receiver: Paths have varying DOAs, DOA 

variations differ between LOS path and reflected paths.




